In this paper we propose a Hamiltonian of the n-level system by making use of generalized Pauli matrices.
know such a Hamiltonian has not been known. As for some examples of n-level system see [12] , [17] , [18] and their references.
In this paper we propose such a Hamiltonian. In the 2-level system the Hamiltonian is written by making use of Pauli matrices {σ 1 , σ 3 } (see the references above), so in the nlevel system the Hamiltonian should be given by making use of generalized Pauli matrices {Σ 1 , Σ 3 }. We will write down it. We believe that it is a natural generalization Our real aim of this study is to apply some developments in this paper to the theory of qudits in Quantum Computation, see for example [11] and [15] . In it we must first of all construct all unitary elements in U(n) (a universality of 1-qudit).
We expect that this work will become a starting point toward this direction 1 .
Let {σ 1 , σ 2 , σ 3 } be Pauli matrices and 1 2 a unit matrix :
and
First list the well-known properties of σ 1 and σ 3 :
Let W be the Walsh-Hadamard matrix
then we can diagonalize σ 1 as σ 1 = W σ 3 W −1 by making use of this W .
Let us consider an atom with 2 energy levels E 0 and E 1 . Its Hamiltonian is in the diagonal form given as
where ∆ 0 = (1/2)(E 0 + E 1 ) and ∆ 1 = (1/2)(E 0 − E 1 ). Since we usually take no interest in constant terms, we set
Next we would like to extend 2-level system to general n-level system. For that we consider the 3-level one in detail as a test case. The Hamiltonian with three energy levels
We want to rewrite this as (5) . Let σ be exp(
), then it is easy to see
Since the matrix corresponding to σ 3 is considered as
we solve the equation
with indeterminants ∆ 0 , ∆ 1 , ∆ 2 . Then we have
so we obtain
Therefore the Hamiltonian which neglects the constant term is written as
These ∆ 1 and ∆ 2 may be considered as a complex "energy difference" among E 0 , E 1 , E 2 .
By the way, the matrix in the right hand side of (12) (replaced 1/3 with 1/ √ 3)
is very familiar to us. Let Σ 1 and Σ 3 be generators of generalized Pauli matrices in the case of n = 3, namely
Then it is easy to see
Now we can show that Σ 1 can be diagonalized by making use of W above
In fact
where we have used the relations of σ in (8) .
A comment is in order. Since W corresponds to the Walsh-Hadamard matrix (3), so it may be possible to call W the generalized Walsh-Hadamard matrix.
Let us proceed with general case. The Hamiltonian with n energy levels E 0 , E 1 , E 2 ,
From the discussion in the case of n = 3 it is easy to rewrite the Hamiltonian. Let {Σ 1 , Σ 3 } be generalized Pauli matrices (see [9] , Appendix B)
where σ is a primitive element σ = exp( 2πi n ) which satisfies
If we define a Vandermonde matrix W based on σ as
then it is not difficult to see
That is, Σ 1 can be diagonalized by making use of W .
We set for simplicity
and the relation like (12) between them is given by
or explicitly
for 0 ≤ j ≤ n − 1. Then the Hamiltonian which neglects the constant term is written as
Next let us incorporate an interaction into the model. We consider an atom with two energy levels which interacts with external (periodic) field with gcos(ωt). The Hamiltonian in the dipole approximation is given by
where ∆ 1 is the constant in (6), ω the frequency of the external field, g the coupling constant between the external field and the atom. In the following we cannot assume the rotating wave approximation (which neglects the fast oscillating terms), namely the Hamiltonian given by
We would like to extend this to the general case. We again note that Σ 1 is not hermitian, so we must take this fact into consideration. The interaction term corresponding to cos(ωt)σ 1 is considered to be 1 2 e iωt Σ 1 + e −iωt Σ † 1 
